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Abstract. Yu. I. Merzljakov developed a method of splittable coordi- 
nates which helps to verify the linearity of some groups, he established 
some fundamental results using this method. 

In this paper we use the method of splittable coordinates and find some 
sufficient condition under which the semi-direct product of two linear 
groups is linear. As consequence we get linearity of some HNN-extensions 
of a free group, linearity of the holomorph of the braid group B n , n > 2, 
and free group F2 and linearity of some Artin groups. In all cases we 
construct faithful linear representations in the explicit form. 
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A. I. Malcev [I] formulated the problem of characterization of abstract groups which 
has faithful linear representation over some field (we will said that these groups are 
linear groups). A. I. Malcev found the necessary and sufficient conditions under which 
the abelian group has a faithful linear representation. It is known some results on 
linear representations of nilpotent, polycyclic, solvable and some other groups (see the 
survey of Yu. I. Merzljakov [2]). A. Lubotzky [B] found a characterization of abstract 
groups which has faithful linear representation over field of complex numbers C. But 
this result is hard to use for the concrete groups. 

Another direction of investigation is the following problem: if a group G is construc- 
ted from linear groups with the help of some group construction (free product, free 
product with amalgamation, extension, HNN-extension, wreath product and so on), 
then for which conditions group G is linear? In this direction V. L. Nisnevic |3] proved 
that a free product of two linear groups is a linear group. B. A. F. Wehrfritz [H] 
found some sufficient conditions under which a free product with amalgamation of 
linear groups is a linear group. Yu. E. Vapne [@] studied a wreath product of linear 
groups. Also he proved sufficient conditions of linearity of some nilpotent product |2j. 
O. V. Bryukhanov [H] found the necessary and sufficient conditions under which the 
nilpotent product A(n)B, n > 2, of finitely generated linear groups A and B has a 
faithful linear representation over fields of zero and positive characteristics. 

But the question of existence of faithful linear representations for group extensions 
and HNN-extensions is still open. We have few results in this area. In particular, it is 
not known is it true that a semi-direct product of two finitely generated linear groups 
is linear. R. T. Volvachev [H] solved the question about faithful linear representations 
of HNN-extensions a cyclic group. By well-known result of A. I. Malcev [T] every 
semi-direct product of residually finite groups is residually finite. On the other hand it 
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is known that an extension of a linear group by a linear group can be non-linear. As an 
example we can consider a finitely generated free solvable group of class 3. This group 
is not linear but is the extension of free metabelian group of infinite rank by finitely 
generated abelian group. 

Yu. I. Merzljakov [TO] . [TT] developed a method (the method of splittable coordi- 
nates) which helps to prove linearity of some groups. Yu. I. Merzljakov established 
some fundamental results using this method. 

In this paper, we will use the method of splittable coordinates and find some suf- 
ficient condition under which the semi-direct product of two linear groups is linear 
(see Theorem 1). Also we establish linearity of Hol(5 n ), n > 3 and Hol(F 2 ) over field 
of characteristic zero from these follows linearity over field of characteristic zero any 
splittable extension of braid group B n , n > 3, and free group F 2 by linear group. 

In Section 2 we consider HNN-extensions 

F V (X) = (X,t || r l xt = <p(t), xeX) 

of a free group F(X) with a virtually inner automorphism ip of F(X) (recall that an 
automorphism ip is called virtually inner if ip m is inner automorphism of F(X) for some 
positive integer m). Note that these groups are studied in the papers [12], [T2]. We will 
construct a faithful linear representation of F V (X) (see Theorem 2). Also we will find 
the center of F^X). 

In the last Section we study 2-generated Artin groups and construct a faithful linear 
representations over ring of rational fractions Q p with denominators equal to powers of 
prime number p. C. C. Squier [TJ] established the linearity of 2-generated Artin groups 
but he constructed representation over field with transcendental (over Q) numbers. 

Acknowledgements. We would like to thank M. V. Neshchadim for his remarks 
on the first draft of this paper. Special thanks goes to the participants of the seminar 
"Evariste Galois" at Novosibirsk State University for their kind attention to our work. 
Authors were supported by RFBR (grant 02-01-01118). 

§ 1. Method of splittable coordinates 

We remind that some homomorphism p : G — > GL n (K) of group G into general 
linear group GL n (K) over field K is called the linear representation. This representa- 
tion p is called faithful if the kernel Ker(p) is trivial. A group is called linear if it has 
some faithful linear representation. Yu. I. Merzljakov [Til] . [TT] developed a method (the 
method of splittable coordinates) which helps to prove linearity of some groups. The 
heart of this method is to assign a faithful action of group on finite dimension vector 
space of algebra of functions from group G to field K. Let A(G, K) be the algebra of 
all if-valuable functions on G. If / £ A(G, K), x £ G then we define the action of x 
by the rule 

f x (y) = f(xy), yeG. 

Since f gh = (f g ) h and f e = f, where e is the unit of G, g, h £ G then we get the action 
of G on the algebra A(G, K). 



2 



We will call any subset of functions {t { } C A(G, K), % G /, K-valuable coordinates 
on G, if for any x G G \ {e} there is tj G {£»} such that t,(x) 7^ tj(e). We will say that 
the K-valuable coordinates ti,. . . ,ta on G, are splittable coordinates if the following 
equality are true: 

1 

t a (xy) = fap(x)hp(y), x,y G G, 1 < a < d, 

f3=l 

where f a p, hp are some K-valuable functions on G. 

In the case when the K-valuable splittable coordinates t±, . . . ,td are defined on G 
we can see that a vector space V generated by G-orbit of the set of coordinate functions 
{t a } has finite dimension because it lies in linear K-envelope of the finite set {hp}. 
Let v\, . . . , v n be a basis of V over K. Then for every x G G we have 

n 
3=1 

The linear representation p which is defined by the rule x 1— > (pij(x)), x G G is 
faithful. Namely, if the identical linear transformation of V corresponding to some 
element x from G then t x a — t a , where 1 < a < d. In this case t a (x) = t^(e) = t a (e) 
if 1 < a < d and hence x = e. The following lemma describes some properties of this 
representation (see jTH], [TT]). 

Lemma 1 (on splittable coordinates). Let K be a field and G be a group with 
K-valuable coordinates ti, . . . , td and 

1 

t*(xy) = f<xp{x)hp{y), x,y eG, l<a<d, 

f3=l 

where f a f3,hp are functions with the values in K. There exists the isomorphism p : 
G — > GL n (K) such that: 1) p~ l is linear on G p , 2) if the function f a p is polynomial on 
G (in coordinates t a ) and hp is polynomial on subset G\ C G then p is polynomial on 
Cn. 

We will say that the map / :IxYh Mat n (K) is splittable over K of length I if 
for all its components the following equality are true 

1 

fij(x,y) = i Pvij{.x)^vij(.y), x e X,y eY, 1 < z, j < n, 

where (p u {j, ifj U ij are the functions with the values in K. This yields that the coordinates 
{t a } are splittable if the functions (x,y) 1 — > t a (xy) are splittable. 

The following statement was formulated in [TT] as an exercise. We give the proof 
of this statement. 
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Lemma 2. Let G be an extension of a group A by a group B with the factors 
f(x,y) G A, x,y G B, and automorphisms x G Aut(A), x G B. If A and B are linear 
over the field K and the maps 

(x,y) ^ f(x,y), (a,x) ^ aX 

are splittable then the group G is linear over K. 

Proof. Since G is an extension of A by B then for every g G G there exists a single 
pair (6, a), b G B,a G A and the product of these pairs is defined by 

9i92 = (h, ai) ■ (b 2 , a 2 ) = (hb 2 , f(h, b 2 )a b 1 2 a 2 ). 
Since A and B are linear then there exist the faithful linear representations: 
Pa '■ A — ► GL m (K), pb:B^ GL n (K). 
We take the following functions as coordinates on A and B: 

t\f\a) = (p A (a)) ij , aeA, l<i,j<m, t\f\b) = (pb(6)) - , b e B, 1 < i,j < m. 
It is evident that the set of functions 

{Tl A) I 1 < i,j < m}\J{ljP I 1 < i,j < n}, 

where 

T^ A \(b,a))=t ( f(a), 7^((&,a))=t<f>(&), 

are coordinates on G. 

Let us show that these coordinates T-f^ are splittable. For this we calculate 

T^W) = 4f(/(fci,& 2 )af 2 a 2 ) = T,4i\f(b 1 ,b 2 ))tif(af)4f(a 2 ). 

k,i 

Since the maps 

(x,y)*-+ f(x,y), (a,x)^a x 

are splittable then 

t^(f(h,b 2 )) = E^(k)vUfc), 4fVf 2 ) = E ^(ai)v>^ 2 ). 

Therefore, 

M)ftfh. h\\A A ) ( Si\M) 1 



E4 A, (/(^^)C«)C(^) 



fc,i " [1 

i'A), 



E (Vuikih^^MX^ikib^^ib^ j (a 2 )). 



Let 

&a(9i) = VvikibJv&iih), ^aj{92) = ^ik(b 2 )^^kMt'if ) {a2), a = (i, k, l,fi, u). 
then we have 

r^W)=E*«(»i)**G&)- 

a 

The set of functions {^ a j} is finite since the indexes i, j, k, I, /i, v may take only finite 
number of values. This implies that the coordinates are splittable. 
For the functions we have 

?f W) = 4f (W = ^\ bl )if(b 2 ) = J2TL B) (9i)Tif\ 92 ). 

k k 

Therefore the coordinates T^\t^ are splittable and linearity of G follows from Lem- 
ma 1. 

Now let us prove the following theorem 

Theorem 1. Let K be a field of arbitrary characteristic, $ < GL m (K), G < 
GL n (K). If for every ip G <E> there is g v G GL n (K) such that (p^gtp = g^gg v for 
all g G G then the group $XG has faithful linear representation by matrices of size 
<m 2 + n A over the field K. 

Proof. For every element from $XG there is only one pair (</?, g), p G $, g G G 
which represents this element. Then on the group $XGwe can define the coordinate 
functions t//\ 1 < i,j < n 2 , T$ , 1 < p, q < n, by setting 

?ij ) (<P,9) = t§ ) (<p), T$(p,g) = t%(g), 

where t-j\ t^ are the components of faithful linear representations of <£> and GL n (K) 
correspondingly, i. e. the coordinate functions on $ and on GL n (K). 

For every automorphism ip G $ we take element g v G GL n (K) such that g v = 
g^ggtp f° r a H g ^ G. We define this function by r : <p 1 — > g v . Since <7i)(<£>2, #2) = 
( ( Pi l f2,gf 2 g2) then 

n 2 

TS\(pi,gi)(p2, 9 2)) = T$\<pi<P2,g?g2) = t^m) = E^M^M = 

k=i 

n 2 

= E4 1) (^»i)24 1) (^ft). 
k=i 

T^((Pugi)(P2, 9 2)) = 1%\<Pi<P2,9?92) = *£> = ^(g-^g^) = 

n 

= E t pki(g^2) t kik2(9l) t k2k 3 (9<P2) t k 3 g(92) = 
ki,k 2 ,ki=^ 
n 

= E t k 1 k 2 (gi) t pk 1 (g^2 1 ) t k 2 k 3 (g^2) t k a q(g2) = 

fcl,fe2,fc3 = l 
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= E t( SkM E tpiig^Sksig^SM 

ki,k 2 =l \fe3=l 
n 

k\ ,k 2 =l 

where 

n 

Hpk 1 k 2 q(^2,g2) = E t pk 1 (9^ 2 )t k2 k a (9'P2) t k 3 q{92)- 

fcs=l 

Since the set of functions {T^p , H pklk2q } is finite and it has m 2 + n 4 functions then by 
Lemma 1 the group $XG has a faithful linear representation by the matrices of size 
< m 2 + n 4 over the field K. This completes the proof. 
From this theorem easily follows 

Corollary 1. Let K be a field of arbitrary characteristic and G < GL n (K). Then 
the group Int(G)G embeds in Gh 2n 4,(K). 

Corollary 2. The holomorph Hol(I? n ) of the braid group B n , n > 2, has a faithful 
linear representation over a field of characteristic zero. 

Proof. As was proved in (EJ |Aut(B n ) : Int(£„)| = 2. Hence, |Hol(S n ) : lnt(B n )B n \ 
2. Since the braid group B n has a faithful linear representation over a field of char- 
acteristic zero (see [TJj, [T%] ) then by Corollary 1, the group lnt(B n )B n also has a 
faithful linear representation over the same field. Since B.o\(B n ) is a finite extension of 
lat(B n )B n then the required statement follows. 

Corollary 3. The holomorph Hol(F 2 ) of free group F 2 has a faithful linear repre- 
sentation over a field of characteristic zero. 

Proof. Since the center of F 2 is trivial there is a isomorphism of Hol(F 2 ) in the 
direct production Aut(F 2 ) x Aut(F 2 ). To see it we map Aut(F 2 ) to diagonal subgroup 
of this production and F 2 to subgroup 1 x Int(F 2 ). Since in Aut(F 2 ) the following 
formulas ^~ l g^ = g^", where tp G Aut(F 2 ), g G Int(F 2 ), g G F 2 , g v is the image of g 
under the action tp, are true then the images of F 2 and Aut(F 2 ) in Aut(F 2 ) x Aut(F 2 ) 
generate a subgroup which is isomorphic to Hol(F 2 ). 

Since Aut(F 2 ) is linear over a field of characteristic zero (see [2H] . [21]) then the 
required assertion follows. 




§ 2. On linearity of some HNN— extensions of free group 

In this Section we consider HNN-extensions 

F V (X) = (X,t || r x xt = <p(x),x G X) 

of a free group F(X) by an automorphism tp G Aut(F(X)). We will prove that if 
the automorphism ip is virtually inner then F 9 (X) is linear. Note that the conjugacy 
problem for such groups F V (X) was solved in [TT?] . 
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The following property holds. 



Theorem 2. Let F(X) be a free group with the a of free generators X, let <p G 
Aut F(X) be such that tp n G Int F(X) for some positive integer n. If a : F(X) — > 
GL m (P) is a faithful linear representation of F(X) by matrices over a field P then the 
representation r of F V (X) defining on generators by the following manner: 



I E„ 



t T 







/ x u 




x 


















{ v -\x)y 






E„ 



\ 



















E m 









{ip- n + 2 {x)y 














x 



where f G F(X) is such that (p n (x) = x G X, and s G P* is an arbitrary 

element of infinite oder, and E m are nullity and unity matrices by mxm and t T and 
x T are matrices by run x mn is a faithful linear representation. 
Proof. Let 

Fpn^X) - 

It is obvious that \F V (X) : F^{X)\ 
us define the representation 



(F(X),t n )<F v (X). 

- n, and F v n.(X) is isomorphic to Z x F(X). Let 



a: F v n{X) — > (sE m ,F°(X)) < Gh m (K), 

where (t n ) cr = sf a , x a = x a , x G X and s G P* is an element of infinite order. 

The representation r of F ip (X) will construct with the known manner from the 
representation a of subgroup of finite index F^n^X) (see [l], [101 p. 164]). 

If {l,t,t 2 , . . . ,t" -1 } is the set of right coset representatives of F V (X) by subgroup 
F v n(X) then for g G F V (X) the image g T is the matrix of degree mn which consists of 
blocks of degree m. The block on position is equal to (f ~ l gt l ~iy if tf^gt 1 ^ G 
F^n^X) and equal to a null matrix in the opposite case. 

In the matrix t T the non-null blocks are the only blocks on the positions (i, i + 1), 
i — 1, 2, . . . , n — 1. The identical matrix £" m stands on these positions. On the position 
(n, 1) stands the block (t n ) cr = sf a ' . For x G X in the matrix x T the non-null blocks are 
the only diagonal-blocks and the block on the position (z, z) is equal to (t l ~ 1 xt 1 ~ l ) a = 
(</} _J+1 (x)) CT . This completes the proof. 

The following proposition gives the center of F^{X). 
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Proposition 1. Let 

F V {X) = (x,t || r x xt = ip(x), xex) 

be an extension of a free group F(X) by a virtually inner automorphism <p G Aut(F(X)) 
Then the center Z(F tp (X)) of Fy(X) is the infinite cyclic group which generated by 
t n wo, where n is a minimal natural number for which ip n G hit(F(X)), and wo is 
defined from the equality <p n (x) = WqXWq 1 , x G X. 

Proof. It is evident that t n w G Z[F^[X)) and (t n w ) k = t nk w k . Let h G 
Z(F<p(X)). As element from F V (X) it can be presented in the form t l f, where I G Z, 
/ G F(X). Since h commutes with every g G F^(X) then h~ x gh = f~H~ l gl}f = g or 
t~ l gt l = fgf -1 - Dividing I with residue on n we get I = nk + r, < r < n. Then t~ l gt l = 
t- nk t- r gt r t nk = fgf" 1 or t~ r gt r = t nk fgf-H~ nk = t nk w^WQ k fgf- 1 w$Wo k t~ nk = 
Wo k fgf' lf w k . Therefore r = and WQ k f G Z{F(X)). So t l f = t nk w k = (t n w ) k G 
(t n Wo). The proposition is proven. 



§ 3. 2-generated Artin groups 

In [22] there was formulated the question on linearity of Artin groups. In this Section 
we will consider 2-generated Artin groups A(m) which have the following genetic code 



where m > 3 and 



A(m) = (x,y\\w m (x,y) = w m (y,x)), 
w m {u,v) = < ) ' 



\ (uv) n , if m = 2n, 
1 (uv) n u, if m = 2n + l. 

As it was proved in (THJ each 2-generated Artin group A(m) is an extension of a 
free group of finite rank by some virtually inner automorphism. We will use this result 
and the results of previous Section to construct some linear representations of A(m) 
over field of arbitrary characteristic. In particular, we will construct the representation 
over a ring Q p for every prime p, where Q p = | x G Z, n G N1J{0}}. Note, that 
Squier |14| constructed a faithful linear representation of dimension 2 for the group 
A(m) over some extension of Q which has transcendental elements. 

Let a = a(\, n) : F n — > GL 2 (Z[A, //]), X, fx G C be the two-parameter represen- 
tation of a free group F n in group of matrices GL 2 (Z[A, fj]), which is defined on the 
generators by the rule 



1 
A 1 



(o 

















1 fl 
1 

It is evident, that this representation is faithful if the group generated by the matrices 



<— I n i I I x i I I T J ' *= 1 .2,.-.,n-l. 



1 


! ■ 











u 





8 



is isomorphic to the free group F 2 . 

Proposition 2. Let A(2n), n > 2, be the 2-generated Artin group. Then the rep- 
resentation 

s E C*, 

■■■ \ 
A • 



- OA 
■ 0/ 



is a linear representation of A(2n). In addition, if |A| > 2, |//| > 2 and s is not a root 
of unity then this representation is faithful. 
Proof. We have 

A(2n) = (x ,xi, . . . ,x„_i,t || t' x xit = (p(xi), i = 0, 1, . . . , n - 1), 

where the automorphism ip is defined by the rule 

ip(x Q ) = XqXi . . . X n - 2 X n -lXn-2 ■ ■ -X^Xq 1 , (f(Xi) = Xi-l, 1 = 1,..., 11- I. 

In this case (p n (xi) = Ait^A -1 , <p(A) = A, where A = X0X1 . . . x n -i and xo, t are 
corresponding to canonical generators of Artin group, i. e. 

A{2n) = (x ,t || (x t) n = (tx ) n ), 

(see 

By Theorem 2 the following matrices are corresponding to generators Xo, x±, . . . , x n -i, t: 
xl = diag«, (<p- l (x )T, . . . , (^ +1 (xo)) CT ), 



p ■ A {2n) — > GL 2n (Z[A, a*, 5 ±1 ]), A,/igC. 
which is defined on the generators by the rule 



x p = diag 



1 
A 1 



1 

' ' A 1 



where 



A 



1 -n 
1 



B = s 



-A 1 



{OA 






V B 



1 W 1-A/i 



-A 



/ £ 2 
S> 





V s(A _1 ) <T 



\ 




E 2 
0/ 
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where all matrices have degree 2n, and s G C* is not a root of unity. 
If we conjugate t T and x$ by the matrix 



u 



diag E 2 , 



1 —p 
1 



n-V 



then we get correspondingly 

/OA •■■ 
A ■■■ 



u -H T u 





V B 



where 



A 



1 




\ 




A 
J 



B 



u 1 x T G u = diag 



1 
A 1 



1 
A 1 



1 
-A 1 



1 — A/i p 
-A 1 



n-l 



Let us define a representation p taking x p = u^x^u, y p = u~H T u. The elements x = x 
and y = t are canonical generators of Artin group A(2n). If in the representation 
a = cr(A, h) we take |A| > 2, |//| > 2, and s is a non-zero complex number not equal to 
a root of unity, then p is faithful representation. If we take A = /i = 2, s = p is a prime 
number then we get a faithful representation of A(2n), n > 2 by matrices of degree 2n 
over the ring Q p . This completes the proof. 

In the case when m — 2n + 1, n > lis odd number, the 2-generated Artin group 
A(m) is isomorphic to 

F 2n+ i(» = (x ,xi, . . .,x 2n -i,t || t~ l Xit = 4>(xi), i = 0, 1, . . . ,2n- 1), 

where the automorphism ijj is given by 

l/j(x ) = X X 2 ■ • • X 2n _ 4 X 2 n-2X2n-l ■ ■ ■ x 3 = X i-U 1 = 1, ■ ■ ■ ,2n - 1. 

In this case ip 2 ( 2n+1 \xi) = SxjS -1 , where 

£ = X X 2 . . . X 2n - 2 (x Xi . . . X2n~l) _1 XiX 3 . . . X 2n -l, ^(S) = £ 

(see (THJ ) - Note that the inverse automorphism is given by 

ip~ l (x ) = Xi, i = 1,2, . . . ,2n - 1, 

^ _i (a:o) = S"V 4n+2_i (^o)S, i = 2n, 2n + 1, . . . , An + 1. 
The canonical generators of t4(2?t, + 1) are x — t and y = xot, i. e. 

A(2n+ 1) = (J, x t || Oot) n t = (x(/) n x t). 
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Proposition 3. Let A{2n + 1), n > 1 be the 2-generated Artin group with odd 
number of generators. Then the map 

p . A(2n + 1) ^GU{2n + i){n\^s ±l }), X,fxeC, seC*, 

which is defined on the generators 



( 



x 1 ' 








E 2 
E 2 







lw 






















Xr 







\ 




E 2 
J 

• 

• 

















(^" 4n (x )) CT 




where a = a(X, fi) is the representation of a free 2-generated group, is the linear- 
representation of A(2n + 1). In this case, if |A| > 2, > 2 and s is not a root of 
unity then this representation is faithful. 

Proof. By Theorem 2 we get for elements x ,x 1 , . . . , x 2n -i,t the following matrices 



x T = diag(x£,0 1 (x )) ,T ,...,(^ 



-(4n+l). 



*o)) CT ), 



X 



2n-l 



diag^^, {r\x 2n ^)y, . . . , (r (4n+i Won, 

• \ 

• 



t T = 








E 2 
E 2 



••• E 2 

\ s{Y,- l y o o • • o o j 

where all matrices have degree 4n + 2, and s G C* is not a root of unity. The map 
x i — > t T , y i — > xJ)t T define of desired representation. 

In view of Theorem 2, if the representation a is faithful then r is the faithful 
representation of F 2n+ i(^). In this case, the matrices t T , xjt r are canonical generators 
of A(2n + 1). This completes the proof. 

Note, that for A = /x = 2 and s = p is a prime number, we get a representation of 
A(2n + 1) by matrices of degree An + 2 over the ring Q p . 
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Since 2-generated Artin group A(m) is a split extension of a free group of finite 
rank by a virtually inner automorphism, then using of Lemma 4 we find the center of 
A(m). 

Corollary. The center of 2-generated Artin group A{m) is infinite cyclic group. 
In this case 

a) if m = 2n then the center Z(A{m)) is generated by (xy) n , 

b) if m = 2n + 1 then the center Z(A(m)) is generated by ((xy) n x) 2 . 
Proof, a) We have the isomorphism 

A(2n) ~ (x ,x 1 , . . .,cc n _i,t || t^Xit = (p(xi), % = 0,1, ...,n- 1} 

and f n (xi) = AxjA -1 , A = x x 1 . . . x n _i, ip(A) = A. From the definition of <p it follows 
that n is the least positive power for which the automorphism ip n is inner. Since for 
this isomorphism to £ € F V (X) corresponds the element y G A(2n), and to x G F V (X) 
corresponds the element x G A{2n) then to (x t) n corresponds the element (xy) n . To 
use Proposition 1 we note that 



b) We have the isomorphism 

A(2n + 1) ~ (x ,xi, . . .,x 2n -i, £ || £ _1 a;i£ = ip(xi), i = 0, 1, . . . , 2n - 1) 

and ifj 2( - 2n+1 \xi) = SxjS -1 , E = x x 2 ■ ■ ■ x 2n -2(x Xi . . . x 2n -i)~ 1 xix 3 . . . x 2n _ l , ipE = E. 
Since the elements £ = x and x t = y are canonical generators of A{2n+1) then element 
(£x £) n £ maps to (xy) n x. Further, since ((£x £) n £) 2 = £ 4n+2 E and 4n+2 is a least positive 
power in which the automorphism ip is inner then from proposition 1 follows desired 
statement. 

Note that the center of Artin groups was found in the paper of E. Briskorn and 
K. Saito [2H]. 

We will construct a series of representations for A(3). This group is isomorphic to 
the braid group on 3 strings B 3 . 
Using Lemma 3 we take 



(x t) n = x x 1 . . . x n _ x t n = At n = t n A. 




Then the following matrices 









E- 1 



E 2 \ 



T 



E 2 

E 2 

E 2 

E 2 



/ 
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DT, where D = diag(X , X u ip- 2 (X ), ip~ 3 (X ), ^" 4 (X ), ip- 5 (X )) correspond to gen- 
erators. If we conjugate these matrices by the matrix 



/7 = diag( J E 2 ,E 2 ,S- 1 ,S- 1 ,S- 1 ,S- 1 ), 



then we get 



U- l TU 



( 


E 2 












































E 2 






















E2 






















E 2 




V sE 2 

















/ 








x 














\ 






















































































V 


STp(X ) 

















/ 



U-'DTU 



We take these matrices as canonical generators X and Y of A{3). It is easily show that 
the following relation is true: XYX = YXY. 

This representation will be faithful if the group generated by X and X 1 is isomor- 
phic to the free group F 2 . Using direct calculations we find the matrices 



1 - X/i + A V -A// 






1 - 2A 2 /i 2 A»(l + 2\fi) \ 

A(l +Xfi- 2AV) l-Xfi + 2A 2 /x 2 / ' 

where s G C* and is not a root of unity. 

If in Theorem 2 for a we take the representation 



{t n y 




X" 




T{s) 




where a : F(X) — > SL 2 (Z), s 6 Z \ {0} then we get the representation of F V (X) in 
SL 4n (Z). In particular, for the braid group B 3 which isomorphic to A(3) we can take 
A = /i = 2, s G Z \ {0} and get the representation a 7 (see Proposition 3) which is 
faithful representation by integer valued matrices of dimension 24. 
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